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a b s t r a c t
The fuzzification of generalized Tarski filters of generalized Tarski algebras is considered,
and related properties are investigated. Characterizations of a fuzzy generalized Tarski
filter are established. Based on the theory of a falling shadow, the notion of a falling fuzzy
generalized Tarski filter of a generalized Tarski algebra is introduced. Relations between
fuzzy generalized Tarski filters and falling fuzzy generalized Tarski filters are provided. A
characterization of a falling fuzzy generalized Tarski filter is established.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
In the study of a unified treatment of uncertainty modeled by means of combining probability and fuzzy set theory,
Goodman [1] pointed out the equivalence of a fuzzy set and a class of random sets. Wang and Sanchez [2] introduced
the theory of falling shadows which directly relates probability concepts with the membership function of fuzzy sets. The
mathematical structure of the theory of falling shadows is formulated in [3]. Tan et al. [4,5] established a theoretical approach
to define a fuzzy inference relation and fuzzy set operations based on the theory of falling shadows. Yuan and Lee [6]
considered a fuzzy subgroup (subring, ideal) as the falling shadowof the cloud of the subgroup (subring, ideal). In this article,
we consider the fuzzification of generalized Tarski filters of generalized Tarski algebras, and investigate related properties.
We establish characterizations of a fuzzy generalized Tarski filter.We introduce the notion of falling fuzzy generalized Tarski
filters in generalized Tarski algebras based on the theory of falling shadows.We provide relations between fuzzy generalized
Tarski filters and falling fuzzy generalized Tarski filters. We establish a characterization of a falling fuzzy generalized Tarski
filter. We show that every falling fuzzy generalized Tarski filter is a Tm-fuzzy generalized Tarski filter.
2. Preliminaries
Let us review some definitions and results. By a Tarski algebrawemean an algebra (X,→, 1) of type (2, 0) satisfying the
following axioms:
(T1) (∀a ∈ X) (1→ a = a),
(T2) (∀a ∈ X) (a → a = 1),
(T3) (∀a, b, c ∈ X) (a → (b → c) = (a → b)→ (a → c)),
(T4) (∀a, b ∈ X) ((a → b)→ b = (b → a)→ a).
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Table 1
Cayley table.
→ a b c 1
a 1 1 c 1
b 1 1 c 1
c 1 1 1 1
1 a b c 1
An algebra (X,→, 1) of type (2, 0) satisfying three conditions (T1), (T2) and (T3) is called a generalized Tarski algebra (GT -
algebra for short) (see [7]).
Every GT-algebra X satisfies the following assertions (see [7]):
(a1) (∀a ∈ X) (a → 1 = 1).
(a2) (∀a, b ∈ X) (a → (b → a) = 1).
(a3) (∀a, b ∈ X) (a → (a → b) = a → b).
(a4) (∀a, b ∈ X) (a → ((a → b)→ b) = 1).
(a5) (∀a, b, c ∈ X) (a → b = 1⇒ (c → a)→ (c → b) = 1).
Definition 2.1 ([7]). Let X be a GT-algebra. A non-empty subset F of X is called a generalized Tarski filter (GT-filter for short)
of X if it satisfies the following conditions:
(i) (∀a, b ∈ X) (b ∈ F ⇒ a → b ∈ F).
(ii) (∀a, b ∈ X) (a → b ∈ F , a ∈ F ⇒ b ∈ F).
3. Fuzzy GT-filters
For a fuzzy subset µ of X and t ∈ [0, 1], the set
U(µ; t) := {x ∈ X | µ(x) ≥ t}
is called the level subset of µ.
Definition 3.1. A fuzzy subset µ of a GT-algebra X is called a fuzzy GT-filter of X if the following assertion holds:
(∀t ∈ [0, 1]) (U(µ; t) ≠ ∅ ⇒ U(µ; t) is a GT-filter of X). (3.1)
Example 3.2. Let X = {a, b, c, 1} be a set with the Cayley table which is given by Table 1. Then (X;→, 1) is a GT-algebra
(see [7]). Let µ be a fuzzy subset of X defined by µ(a) = µ(b) = µ(1) = 0.7 and µ(c) = 0.2. Then µ is a fuzzy GT-filter
of X . And the fuzzy set ν of X given by ν(a) = ν(1) = 0.5 and ν(b) = ν(c) = 0.35 is not a fuzzy GT-filter of X since
U(ν; 0.5) = {a, 1} is not a GT-filter of X .
Lemma 3.3 ([7]). Let X be a GT-algebra. For every a, b ∈ X, the set
G(a, b) := {x ∈ X | a → (b → x) = 1}
is a GT-filter of X.
Example 3.4. Let X be a GT-algebra and let a, b ∈ X . Define a fuzzy subset µ of X by
µ(x) :=

t1 if x ∈ G(a, b),
t2 otherwise,
for all x ∈ X where t1, t2 ∈ [0, 1]with t1 > t2. Then
U(µ; t) =
∅ if t1 < t,
G(a, b) if t2 < t ≤ t1,
X if t ≤ t2.
Thus µ is a fuzzy GT-filter of X .
A relationR on a GT-algebra X is said to be compatible if it satisfies:
(∀a, b, x, y ∈ X) ((a, b) ∈ R, (x, y) ∈ R⇒ (a → x, b → y) ∈ R).
A compatible equivalence relation on X is called a congruence relation on X . The set
[1]R := {x ∈ X | (1, x) ∈ R}
is called the kernel ofR.
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Lemma 3.5 ([7]). Let R be a congruence relation on a GT-algebra X. Then the kernel [1]R is a GT-filter of X.
Example 3.6. Let µ be a fuzzy subset of a GT-algebra X defined by
µ(x) :=

t1 if x ∈ [1]R,
t2 otherwise,
for all x ∈ X where t1, t2 ∈ [0, 1] with t1 > t2. If t2 < t ≤ t1, then U(µ; t) = [1]R which is a GT-filter of X . Otherwise,
U(µ; t) is either ∅ or X itself. Hence µ is a fuzzy GT-filter of X .
Theorem 3.7. A fuzzy subset µ of a GT-algebra X is a fuzzy GT-filter of X if and only if it satisfies:
(1) (∀x, y ∈ X) (µ(x → y) ≥ µ(y)).
(2) (∀x, y ∈ X) (µ(y) ≥ min{µ(x → y), µ(x)}).
Proof. Assume that µ satisfies (1) and (2). Let y ∈ U(µ; t) for all t ∈ [0, 1]. Then µ(y) ≥ t , and so µ(x → y) ≥ µ(y) ≥ t
for all x ∈ X by (1). Thus x → y ∈ U(µ; t). Let x, y ∈ X be such that x → y ∈ U(µ; t) and x ∈ U(µ; t). Then µ(x → y) ≥ t
and µ(x) ≥ t . It follows from (2) that
µ(y) ≥ min{µ(x → y), µ(x)} ≥ t
so that y ∈ U(µ; t). Therefore U(µ; t) is a GT-filter of X , and so µ is a fuzzy GT-filter of X .
Conversely, suppose that µ is a fuzzy GT-filter of X . Then U(µ; t), t ∈ [0, 1], is a GT-filter of X when it is non-empty.
Assume that there exist a, b ∈ X such that µ(a → b) < µ(b). Then µ(a → b) < tb ≤ µ(b) for some tb ∈ (0, 1]. It follows
that b ∈ U(µ; tb) and a → b ∉ U(µ; tb). This is a contradiction, and so (1) is valid. Now, suppose that (2) is not valid. Then
µ(b) < ta ≤ min{µ(a → b), µ(a)}
which implies that a → b ∈ U(µ; ta) and a ∈ U(µ; ta), but b ∉ U(µ; ta). This is impossible, and therefore (2) is true. 
Proposition 3.8. Every fuzzy GT-filter µ of a GT-algebra X satisfies the following assertion:
(∀x ∈ X) (µ(1) ≥ µ(x)). (3.2)
Proof. It follows from (T2) and Theorem 3.7(1). 
Proposition 3.9. Every fuzzy GT-filter µ of a GT-algebra X is order preserving, that is, µ satisfies the following assertion:
(∀x, y ∈ X) (x ≤ y ⇒ µ(x) ≤ µ(y)).
Proof. Let x, y ∈ X be such that x ≤ y. Then x → y = 1. Using Theorem 3.7(2) and (3.2), we have
µ(y) ≥ min{µ(x → y), µ(x)} = min{µ(1), µ(x)} = µ(x).
This completes the proof. 
Theorem 3.10. For any fuzzy subset µ of a GT-algebra X, the following assertions are equivalent:
(1) µ is a fuzzy GT-filter of X.
(2) µ satisfies (3.2) and Theorem 3.7(2).
Proof. (1)⇒ (2). It is straightforward.
(2)⇒ (1). Suppose that µ satisfies (3.2) and Theorem 3.7(2) and let x, y ∈ X . Using Theorem 3.7(2), (a2) and (3.2), we
have
µ(x → y) ≥ min{µ(y → (x → y)), µ(y)} = min{µ(1), µ(y)} = µ(y)
which proves Theorem 3.7(1). Hence µ is a fuzzy GT-filter of X by Theorem 3.7. 
Theorem 3.11. A fuzzy subset µ of a GT-algebra X is a fuzzy GT-filter of X if and only if it satisfies:
(∀x, y, z ∈ X) (z → (x → y) = 1⇒ µ(y) ≥ min{µ(x), µ(z)}). (3.3)
Proof. Assume that µ is a fuzzy GT-filter of X . Let x, y, z ∈ X be such that z → (x → y) = 1. Then z ≤ x → y, and so
µ(z) ≤ µ(x → y) by Proposition 3.9. It follows from Theorem 3.7(2) that
µ(y) ≥ min{µ(x → y), µ(x)} ≥ min{µ(x), µ(z)}.
Conversely, assume that the assertion (3.3) is valid. Since x → (x → 1) = 1 for all x ∈ X , (3.3) implies that
µ(1) ≥ min{µ(x), µ(x)} = µ(x) for all x ∈ X . Observe from (a4) that x → ((x → y) → y) = 1 for all x, y ∈ X .
Using (3.3), we get µ(y) ≥ min{µ(x → y), µ(x)}. Thus Theorem 3.7(2) is valid. Therefore µ is a fuzzy GT-filter of X by
Theorem 3.10. 
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For any fixed element θ ∈ X , we consider the set
µ→θ := {x ∈ X | µ(θ) ≤ µ(x)}.
Obviously, θ ∈ µ→θ . If µ is a fuzzy GT-filter of X , then 1 ∈ µ→θ by (3.2). Now we are led to ask the following question.
Question. For a fuzzy subset µ of X satisfying (3.2), is µ→θ a GT-filter of X?
This question is answered by the following example.
Example 3.12. Consider the GT-algebra X = {a, b, c, 1} which is described in Example 3.2. Let µ be a fuzzy subset of X
defined by µ(1) = 0.9, µ(a) = 0.8, µ(b) = 0.5 and µ(c) = 0.3. Then µ satisfies the condition (3.2), but it is not a fuzzy
GT-filter of X since
µ(b) = 0.5 < 0.8 = min{µ(a → b), µ(a)}.
Wesee thatµ→a = {a, 1} is not a GT-filter ofX because a ∈ µ→a and a → b = 1 ∈ µ→a , but b ∉ µ→a . Note thatµ→b = {a, b, 1}
is a GT-filter of X .
Next we intend to present a condition under which µ→θ is a GT-filter of X .
Theorem 3.13. Let X be a GT-algebra and let θ ∈ X. If µ is a fuzzy GT-filter of X, then µ→θ is a GT-filter of X.
Proof. Let a, b ∈ X be such that b ∈ µ→θ . Then µ(a → b) ≥ µ(b) ≥ µ(θ) by Theorem 3.7(1), and so a → b ∈ µ→θ . Assume
that a → b ∈ µ→θ and a ∈ µ→θ for all a, b ∈ X . Then µ(a → b) ≥ µ(θ) and µ(a) ≥ µ(θ). It follows from Theorem 3.7(2)
that
µ(b) ≥ min{µ(a → b), µ(a)} ≥ µ(θ)
so that b ∈ µ→θ . Therefore µ→θ is a GT-filter of X . 
Example 3.12 shows that the converse of Theorem 3.13 may not be true.
4. Falling fuzzy GT-filters
Given a universe of discourse U , letP(U) denote the power set of U . For each u ∈ U , let
u˙ := {E | u ∈ E and E ⊆ U}. (4.1)
For each E ∈ P(U), let
E˙ := {u˙ | u ∈ E}. (4.2)
An ordered pair (P(U),B) is said to be a hyper-measurable structure on U if B is a σ -field in P(U) and U˙ ⊆ B. Given a
probability space (Ω,A , P) and a hyper-measurable structure (P(U),B) onU , a random set onU is defined to be amapping
ξ : Ω → P(U)which is A –B measurable, that is,
(∀C ∈ B) (ξ−1(C) = {ω | ω ∈ Ω and ξ(ω) ∈ C} ∈ A ). (4.3)
Suppose that ξ is a random set on U . Let
H˜(u) := P(ω | u ∈ ξ(ω)) for each u ∈ U .
Then H˜ is a kind of fuzzy set in U . We call H˜ a falling shadow of the random set ξ , and ξ is called a cloud of H˜ (see [3]).
For example, (Ω,A , P) = ([0, 1],A ,m), where A is a Borel field on [0, 1] andm the usual Lebesgue measure. Let H˜ be
a fuzzy set in U and H˜t := {u ∈ U | H˜(u) ≥ t} be a t-cut of H˜ . Then
ξ : [0, 1] → P(U), t → H˜t
is a random set and ξ is a cloud of H˜ . We shall call ξ defined above as the cut-cloud of H˜ (see [1]).
Definition 4.1. Let X be a GT-algebra, (Ω,A , P) a probability space, and let
ξ : Ω → P(X)
be a random set. If ξ(ω) is a GT-filter of X for any ω ∈ Ω , then the falling shadow H˜ of the random set ξ , i.e.,
H˜(x) = P(ω | x ∈ ξ(ω)) (4.4)
is called a falling fuzzy GT-filter of X .
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Example 4.2. Let (Ω,A , P) be a probability space and let
F(X) := {f | f : Ω → X be a mapping},
where X is a GT-algebra. Define an operation on F(X) by
(∀ω ∈ Ω) ((f  g)(ω) = f (ω)→ g(ω))
for all f , g ∈ F(X). Let θ ∈ F(X) be defined by θ(ω) = 1 for all ω ∈ Ω . It can be easily checked that (F(X); , θ) is a
GT-algebra. For any GT-filter A of X and f ∈ F(X), let
Af := {ω ∈ Ω | f (ω) ∈ A}
and
ξ : Ω → P(F(X)), ω → {f ∈ F(X) | f (ω) ∈ A}.
Then Af ∈ A and ξ(ω) = {f ∈ F(X) | f (ω) ∈ A} is a GT-filter of F(X). Since
ξ−1(f˙ ) = {ω ∈ Ω | f ∈ ξ(ω)} = {ω ∈ Ω | f (ω) ∈ A} = Af ∈ A ,
ξ is a random set of F(X). Let
H˜(f ) = P(ω | f (ω) ∈ A).
Then H˜ is a falling fuzzy GT-filter of F(X).
Example 4.3. Let X := {a, b, c, d, e, f , g, 1} be a set with the Cayley table which is given by Table 2. Then (X;→, 1) is a
GT-algebra (see [7]). Let (Ω,A , P) = ([0, 1],A ,m) and let ξ : [0, 1] → P(X) be defined by
ξ(t) :=
{1, e, g} if t ∈ [0, 0.3),
{1, b, e, f } if t ∈ [0.3, 1].
Then ξ(t) is a GT-filter of X for all t ∈ [0, 1]. Hence H˜ , which is given by H˜(x) = P(t | x ∈ ξ(t)), is a falling fuzzy GT-filter
of X , and H˜ is represented as follows:
H˜(x) =

1 if x ∈ {1, e},
0.3 if x = g,
0.7 if x ∈ {b, f },
0 if x ∈ {a, c, d}.
Example 4.4. Let X = {a, b, c, d, 1} be a set. The Hasse diagram
makes X into a Tarski algebra (see [8]), and hence a GT-algebra, where the operation→ is defined by
x → y =

1 if x ≤ y
y otherwise
for all x, y ∈ X . Let (Ω,A , P) = ([0, 1],A ,m) and let ξ : [0, 1] → P(X) be defined by
ξ(t) :=
{c, d, 1} if t ∈ [0, 0.4),
{a, b, c, 1} if t ∈ [0.4, 1].
Then ξ(t) is a GT-filter of X for all t ∈ [0, 1]. Hence H˜ , which is given by H˜(x) = P(t | x ∈ ξ(t)), is a falling fuzzy GT-filter
of X , and H˜ is represented as follows:
H˜(x) =
0.4 if x = d,0.6 if x ∈ {a, b},1 if x ∈ {c, 1}.
Theorem 4.5. Let X be a GT-algebra. Then every fuzzy GT-filter of X is a falling fuzzy GT-filter of X.
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Table 2
Cayley table.
→ a b c d e f g 1
a 1 1 1 1 1 1 1 1
b c 1 c g 1 1 g 1
c f f 1 f 1 f 1 1
d c e c 1 e 1 1 1
e a f c d 1 f g 1
f c e c g e 1 g 1
g a b c f e f 1 1
1 a b c d e f g 1
Table 3
Cayley table.
→ a b c 1
a 1 b b 1
b a 1 a 1
c 1 1 1 1
1 a b c 1
Proof. Let H˜ be a fuzzy GT-filter of X . Then H˜t is a GT-filter of X for all t ∈ [0, 1]. Let
ξ : [0, 1] → P(X)
be a random set and ξ(t) = H˜t . Then H˜ is a falling fuzzy GT-filter of X . 
The converse of Theorem 4.5 may not be true as seen in the following example.
Example 4.6. Let X := {a, b, c, 1} be a set with the Cayley table which is given by Table 3. Then (X;→, 1) is a GT-algebra.
Let (Ω,A , P) = ([0, 1],A ,m) and let ξ : [0, 1] → P(X) be defined by
ξ(t) :=
{a, 1} if t ∈ [0, 0.6),
{b, 1} if t ∈ [0.6, 1].
Then ξ(t) is a GT-filter of X for all t ∈ [0, 1]. Hence H˜ , which is given by H˜(x) = P(t | x ∈ ξ(t)), is a falling fuzzy GT-filter
of X , and it is represented as follows:
H˜(x) =

1 if x = 1,
0.6 if x = a,
0.4 if x = b,
0 if x = c.
But H˜ is not a fuzzy GT-filter of X since
H˜(c) = 0 < 0.4 = min{H˜(a → c), H˜(a)}.
Let X be a GT-algebra and (Ω,A , P) a probability space. Let H˜ be a falling shadow of a random set ξ : Ω → P(X). For
x ∈ X , let
Ω(x; ξ) := {ω ∈ Ω | x ∈ ξ(ω)}. (4.5)
ThenΩ(x; ξ) ∈ A .
Theorem 4.7. If H˜ is a falling fuzzy GT-filter of a GT-algebra X, then
(1) (∀x, y ∈ X) (x ≤ y H⇒ Ω(x; ξ) ⊆ Ω(y; ξ)),
(2) (∀x, y ∈ X) (Ω(x → y; ξ) ∩Ω(x; ξ) ⊆ Ω(y; ξ)),
(3) (∀x ∈ X) (Ω(x; ξ) ⊆ Ω(1; ξ)),
(4) (∀x, y ∈ X) (Ω(y; ξ) ⊆ Ω(x → y; ξ)).
Proof. Let x, y ∈ X be such that x ≤ y, and letw ∈ Ω(x; ξ). Then x ∈ ξ(ω) and x → y = 1 ∈ ξ(ω). It follows that y ∈ ξ(ω)
so that ω ∈ Ω(y; ξ). Hence Ω(x; ξ) ⊆ Ω(y; ξ). Let w ∈ Ω(x → y; ξ) ∩ Ω(x; ξ). Then x → y ∈ ξ(ω) and x ∈ ξ(ω).
Since ξ(ω) is a GT-filter of X , it follows from Definition 2.1(ii) that y ∈ ξ(ω) so that w ∈ Ω(y; ξ). Thus (2) is valid. Note
that x → 1 = 1, i.e., x ≤ 1 for all x ∈ X . The third result follows from (1). Finally, let ω ∈ Ω(y; ξ). Then y ∈ ξ(ω), and so
x → y ∈ ξ(ω) for all x ∈ X . Hence ω ∈ Ω(x → y; ξ). ThereforeΩ(x; ξ) ⊆ Ω(x → y; ξ). 
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Theorem 4.8. If H˜ is a falling fuzzy GT-filter of a GT-algebra X, then
(∀x, y ∈ X) (H˜(y) ≥ Tm(H˜(x → y), H˜(x))) (4.6)
where Tm(s, t) = max{s+ t − 1, 0} for any s, t ∈ [0, 1].
Proof. By Definition 4.1, ξ(ω) is a GT-filter of X for any ω ∈ Ω . Hence
{ω ∈ Ω | x → y ∈ ξ(ω)} ∩ {ω ∈ Ω | x ∈ ξ(ω)} ⊆ {ω ∈ Ω | y ∈ ξ(ω)},
and thus
H˜(y) = P(ω | y ∈ ξ(ω))
≥ P({ω | x → y ∈ ξ(ω)} ∩ {ω | x ∈ ξ(ω)})
≥ P(ω | x → y ∈ ξ(ω))+ P(ω | x ∈ ξ(ω))− P(ω | x → y ∈ ξ(ω) or ω | x ∈ ξ(ω))
≥ H˜(x → y)+ H˜(x)− 1.
Hence
H˜(y) ≥ max{H˜(x → y)+ H˜(x)− 1, 0} = Tm(H˜(x → y), H˜(x)).
This completes the proof. 
Theorem 4.8 means that every falling fuzzy GT-filter of a GT-algebra X is a Tm-fuzzy GT-filter of X .
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